Binary pulsars allow us to carry out precision tests of gravity and have placed stringent bounds on a broad class of theories beyond general relativity. Current and future radio telescopes, such as FAST and SKA, may find a new astrophysical system, a pulsar orbiting around a black hole, which will provide us a new source for probing gravity. In this paper, we systematically study the prospects of testing general relativity with such black hole-pulsar binaries. We begin by finding a mapping between generic non-Einsteinian parameters in the orbital decay rate and theoretical constants in various modified theories of gravity and then summarize this mapping with a ready-to-use list. Theories we study here include scalar-tensor theories, varying G theories, massive gravity theories, generic screening gravity and quadratic curvature-corrected theories. We next use simulated measurement accuracy of the orbital decay rate for black hole-pulsar binaries with FAST/SKA and derive projected upper bounds on the above generic non-Einsteinian parameters. We find that such bounds from black hole-pulsars can be stronger than those from binary pulsars by a few orders of magnitude when the correction enters at negative post-Newtonian orders. By mapping such bounds on generic parameters to those on various modified theories of gravity, we find that one can constrain the amount of time variation in Newton's constant G to be much stronger than the current strongest bound from solar system experiments. We also study how well one can probe quadratic gravity from black hole quadrupole moment measurements of black hole-pulsars. We find that bounds on the parity-violating sector of quadratic gravity can be stronger than current bounds by six orders of magnitude. These results suggest that a new discovery of black hole-pulsars in the future will provide powerful ways to probe gravity further.
I. INTRODUCTION
General relativity (GR) is currently the most welltested theory of gravity. Nevertheless, due to its inconsistency with quantum mechanics, it is only an effective field theory below some energy threshold. Eventually, at some length or energy scales, one expects to find deviations from GR predictions. So far, GR has passed all the tests with flying colors [1] . Thus, it is important to probe even deeper to search for non-GR effects using new sources that we hope to detect with current and future detectors. Probing GR can also shed light on cosmology as another motivation to consider going beyond GR is to explain current accelerating expansion of our universe and missing mass problem in galaxies without introducing dark energy or dark matter [2] [3] [4] [5] .
Various probes of gravity can be classified into weakfield and strong-field tests [6] [7] [8] . Solar system experiments [1] and cosmological observations [2] [3] [4] [5] fall into the weak-field category, as the amount of curvature and gravitational potential that these experiments and observations probe is weak and small. On the other hand, recent direct gravitational-wave (GW) measurements from binary black hole (BH) mergers [9] [10] [11] [12] [13] [14] allow us to probe the strong and dynamical field regime of gravity for the first time [8, 15] .
Precision tests of gravity have also been carried out via binary pulsar (PSR)
1 observations [16, 17] (see e.g. [18] 1 In this paper, binary PSR refers to a binary consisting of a PSR with a stellar companion.
for a very recent work on testing the strong equivalence principle with the triple system). Such systems allow us to probe both the weak-field and strong-field effects. This is because these binaries are widely-separated relative to GW sources of compact binaries that are about to coalesce (and hence weak-field), and at the same time, PSRs are neutron stars which are very compact objects (and thus strong-field). Such systems (PSRs with white dwarf (WD) companions in particular) are ideal for probing scalar dipole emission in scalar-tensor theories [19] that is absent in GR. One can use parameterized postKeplerian (PPK) parameters, such as the advance rate of periastron, orbital decay rate and Shapiro time delay, to carry out precision tests of GR. Measurements of any two PPK parameters determine the masses of compact objects in binary PSRs, while any additional PPK parameter measurements further probe the consistency of gravitational theory. Binary BHs and binary neutron stars have been found via electromagnetic-wave [16, 17, 20] and GW observations [9] [10] [11] [12] [13] [14] 21] . Interestingly, a binary that consists of one BH and one neutron star has not been found yet. One possibility to look for such systems is through GW observations, which are useful for probing non-GR theories such as scalar-tensor theories [22] [23] [24] [25] .
Radio observations offer another possible way of finding a PSR orbiting around a BH. Such a system may be found with either the Five-hundred-meter Aperture Spherical radio Telescope (FAST) that is undergoing commissioning or a next-generation radio telescopes such as the Square Kilometer Array (SKA). Population synthesis suggests that there may be around 3-80 BH-PSRs in the Galactic disk and FAST may detect up to 10% of arXiv:1808.00080v1 [gr-qc] 31 Jul 2018 them [26] .
BH-PSR systems are powerful for testing GR, including no-hair properties of BHs [27] [28] [29] , scalar-tensor theories [28, 30] , higher-curvature theories [31] , higherdimensional gravity [32] and quantum gravity effects [33] . The reason is as follows. The relative velocity of a binary is given by v = (2πM/P ) 1/3 , where M is the total mass while P is the orbital period. For a PSR orbiting around a stellar-mass BH, M is larger than that of a binary PSR, but one expects P to be also larger. In fact, the relative velocity is smaller than the binary pulsar case (typically a factor of 2) because the longer period more than compensates for the larger total mass. Additionally, the measurement accuracy of the orbital decay rate is expected to be similar to that of binary PSRs. Thus, BH-PSR systems will have more advantage on probing non-GR effects that enter at a negative post-Newton (PN) order 2 , such as scalar dipole radiation in scalar-tensor theories.
In this paper, we study in more detail how well one can probe modifications to GR in theories that have not yet been studied in the context of BH-PSRs. The first half of the paper focuses on using the orbital decay rate measurement. We will first introduce a generic parameterization that captures the non-GR modifications to the orbital decay rate [34] . We will next derive projected bounds on this parameter from BH-PSRs with FAST and SKA based on a simulated measurement accuracy in [28] . We will then compare such bounds to those on parameterized post-Einsteinian (PPE) [35] parameters, which capture the non-GR modifications in gravitational waveforms from compact binary mergers. The PPE formalism (or its modified version) has already been applied to recent GW events [15, 36] . We will further map such generic bounds to those on specific modified theories of gravity by creating a "dictionary" between the generic and theoretical parameters shown in Table I . In particular, we will study theories with time varying gravitational constant [1] , Lorentz-violating graviton mass [37] , Lorentz-preserving graviton mass [38] , and generic screening mechanisms [39] .
The second half of this paper focuses on using the BH quadrupole moment measurement with BH-PSRs to probe gravity. A non-vanishing quadrupole moment causes a periodic variation in the PSR motion [49] , which can be extracted from the Roemer time delay measurement. For stellar-mass BH-PSR systems, one may be able to measure the BH quadrupole moment within 10% accuracy [28] , while the accuracy may be 1% or better if one finds a PSR orbiting around Sgr A * [27, 29] . We apply these projected measurements to quadratic curvature theories, namely Einstein-dilaton Gauss-Bonnet (EdGB) gravity [50, 51] and dynamical Chern-Simons 2 PN expansion assumes that the orbital motion is sufficiently slow relative to the speed of light. A correction term is said to be of relative nPN order when it is proportional to (v/c) 2n relative to the leading contribution in GR. 
FIG. 1.
The ratio in the upper bound on the fractional non-GR correction γ to the orbital decay rate between BH-PSR and double PSR systems, as a function of at which PN order the correction enters. This figure shows how much improvement one finds by using the BH-PSR system compared to the double PSR one in terms of testing GR. For example, if the ratio is below unity (horizontal magenta dotted dashed line), the bound from the former is stronger than that from the latter. The ratio is shown for FAST (red dotted) and SKA (black dotted). Notice that FAST (SKA) has a bound that is an order of magnitude stronger at −3 (−2) PN than the double binary PSR. At −4PN order which corresponds to corrections due to e.g. time variation in the gravitational constant G, the BH-PSR bounds are stronger than the double binary PSR one by 2-3 orders of magnitude.
(dCS) gravity [52, 53] for the even-parity and odd-parity sector respectively. Both theories are motivated from string theory. Analytic BH solutions with arbitrary spin in these theories have not been found yet. Non-rotating and slowly-rotating analytic BH solutions have been constructed in [54] [55] [56] [57] [58] for EdGB and in [59] [60] [61] [62] for dCS.
A. Executive Summary
We now give a brief summary of this paper. In examining the prospects of bounding non-GR theories in a BH-PSR binary, it is important to compare to the existing method of binary PSR measurements. Figure 1 presents the upper bound on the fractional non-GR correction γ to the orbital decay rate with BH-PSRs relative to those with the double binary PSR, as a function of the entering PN order correction. If the ratio is below unity, BH-PSR bounds are stronger than the double binary PSR ones. Observe that the former can be stronger by orders of magnitude than the latter for negative PN corrections.
Next, we apply such bounds on a generic non-GR parameter for the orbital decay rate to specific non-GR theories based on Table I . For example, Fig. 2 presents the upper bound on the time variation in G as a function of the orbital period of BH-PSRs. Observe that BH-PSR (114) and (124) of [40] for Einsteinaether and khronometric theories respectively, c14 and αkh: a combination of coupling constants in Einstein-aether theory and khronometric theory respectively.ᾱA is the scalar charge. In many of scalar-tensor theories, it is non-vanishing for stars while it is zero for a BH [41] [42] [43] . In EdGB gravity, such a charge vanishes for stars [31, 44] while that for a BH is in Eq. (37) of [45] . sA is the sensitivity and that for a neutron star in Einstein-aether and khronometric theory has been computed in [40, 46] a while that for a BH has not been calculated yet. The eccentricity dependent function f (e) is presented in the third column if known, while "-" means that the correction has been calculated only for circular binaries (f = 1). FGR is the eccentricity dependence in GR in Eq. (3), while FCG(e) and FSMG(e) are that in cubic Galileon massive gravity and generic screened massive gravity defined in Eqs. (24) and (28) respectively. a The fitting function for the NS sensitivity in Einstein-aether and khronometric theory can be found in Eq. (186) or (C1) of [40] , though the parameter region in which the fit is valid has mostly been ruled out by GW170817 [47, 48] .
observations with SKA may exceed the current strongest bound from solar system experiments. For example, for a BH-PSR binary with a period of 1 day, the bound on the time variation of G can be enhanced by a factor of 3 relative to the current bound. For other theories that we study in this paper, we find that BH-PSR bounds are weaker than binary PSR ones.
Regarding bounds on quadratic gravity via BH quadrupole moment measurements, we find that the bound on dCS gravity can be improved by two orders of magnitude for PSRs around Sgr A * compared to the current strongest bound from solar system [63] and tabletop experiments [57] . Furthermore, the improvement becomes six to seven orders of magnitude for stellar-mass BH-PSR binaries. On the other hand, BH-PSR bounds on EdGB gravity are weaker than the current bounds from e.g. BH-low-mass X-ray binaries (LMXB) [64] by an order of magnitude.
The rest of the paper is organized as follows. In Sec. II, we focus on orbital decay rate measurements. After discussing a generic formalism for describing non-GR corrections to the orbital decay rate and its relation to the PPE formalism in Sec. II A, we study BH-PSR bounds in various modified theories of gravity in Sec. II B. In Sec. III, we focus on BH quadrupole moment measurements. After reviewing such measurements for BH-PSRs in Sec. III A, we study bounds on two kinds of quadratic gravity in Sec. III B. We conclude in Sec. IV and give possible avenues for future work. We use the geometric units of c = 1 and G = 1 throughout the paper unless otherwise stated. . We also present the current strongest bound coming from solar system experiments (blue dotted-dashed line) [1] . Notice that SKA can produce a stronger bound than solar system bounds.
II. BOUNDS FROM ORBITAL DECAY MEASUREMENT
Let us first focus on probing gravity with the measurement of the orbital decay rateṖ for BH-PSR binaries. We will first explain our generic formalism and show mapping between generic non-GR parameters entering in the orbital decay rate (γ and n mentioned earlier) to the theoretical parameters in example non-GR theories (column 5 of Table I ). We will next show the relation between such generic formalism withṖ to the PPE formalism [35] , which is a generic formalism to test strong-field gravity with GWs from compact binary mergers. We will then use the estimated measurement accuracy ofṖ for BHPSRs with FAST and SKA in [28] and derive projected bounds on generic modifications toṖ . We will finally map these generic bounds to example non-GR theories.
A. Non-GR Corrections to the Orbital Period Decay Rate
Formalism
We will begin by considering the following generic non-GR modifications toṖ [34] :
Here P is the orbital period, v is the relative velocity of two compact objects in a binary, while the subscript "GR" means the quantity is evaluated in GR.Ṗ /P | GR is given by [65] 
where M and µ are the total mass and the reduced mass respectively and
Each modification to GR is parameterized by γ and n. The former gives the overall magnitude of the correction, while the latter tells us how the correction depends on v. In terms of the PN order counting, a correction term proportional to v 2n means that it enters at n-PN order relative to GR. Such a PN order counting gives us insight on what types of binaries have more advantage on probing specific types of modifications. For example, a theory with a negative PN correction would have a more stringent bound from a system with a smaller velocity (or widely-separated orbit) and vice versa for a theory with a positive PN. A selected example of (γ,n) in non-GR theories are presented in Table I .
The projected measurement accuracy ofṖ from BHPSRs with FAST and SKA has been estimated in [28] , which we also present in Fig. 3 . Such a measurement accuracy is simulated for a BH-PSR system with e = 0.1, m p = 1.4 M , m c = 10 M , and ι = 60
• , where ι is the inclination angle between the orbital angular momentum and the line of sight. We can easily map these measurement accuracies to upper bounds on γ for different PN correction terms as follows. Let us assume thatṖ /P has been measured with a fractional error of δ as
Combining this with Eq. (1), one finds γ can be constrained as Figure 4 presents the projected upper bound on γ as a function of at which PN order the correction enters, assuming that a BH-PSR with an orbital period of 3 days has been found by FAST or SKA. We choose this as an example system because it is an average case scenario forṖ measurability as shown in Fig. 4 . For comparison, we also present the bound from the double binary PSR [34] . Observe that the bounds from this BH-PSR share a similar trend compared to those from the double binary PSR, though the former can place more stringent bounds for negative PN corrections. This is because the relative velocity for the double binary PSR is ∼ 2 × 10
while that for the BH-PSR assumed here is ∼ 1 × 10 −3 . Although the difference is only a factor of 2, such a difference is enlarged if one considers negative PN corrections. and SKA (black dashed) [28] . The BH mass and the orbital eccentricity is assumed to be 10M and e = 0.1 respectively. For reference, we also present the measurability for a PSR-WD binary (purple double-dotted-dashed) [19] and the double PSR binary (brown dotted-dashed) [66] . (5) at each PN order for various astrophysical systems. We present projected bounds with a BH-PSR system using FAST (red dotted) and SKA (black dashed). We choose a 3 day orbital period for the BH-PSR binary. For comparison, we also show bounds from GW observations with GW150914 (blue circle) and GW151226 (magenta square) [8] , together with those from the double binary PSR system (brown dotted-dashed) [34] . Observe that BH-PSR and double binary PSR bounds are much stronger for negative PN corrections, while GW bounds have more advantage on probing positive PN corrections.
For example, −4PN corrections become 2 8 = 256 times larger for the BH-PSR than the double binary PSR cases. Figure 1 explicitly shows the comparison on the bounds on γ between the BH-PSR and the double binary PSR.
If the ratio is below unity, the former is stronger than the latter. Observe that below approximately −1PN, the BH-PSR system can constrain non-GR corrections toṖ more strongly than the double PSR system. The former bound can be stronger than the latter one by many orders of magnitude for corrections at −4PN order.
Relation to the PPE Formalism
Next, let us review the relation between the generic non-GR modification toṖ in Eq. (1) to that in gravitational waveforms from compact binary mergers. One example of the latter can be captured via the PPE formalism [35] . This is done by making an amplitude and phase correction to the gravitational waveformh in the Fourier domain as [35] 
Here u ≡ 2πM/P where M ≡ M η 3/5 is the chirp mass with η ≡ m p m c /M 2 representing the symmetric mass ratio. The PPE parameters, α and β, control the overall magnitude of non-GR corrections to the amplitude and phase respectively, while a and b show the dependence of such corrections to u. The GR waveform is recovered by setting (α, β) = (0, 0). Such PPE formalism (or its modified version) has recently been applied to observed GW events [8, 15] .
One way to extract GW signals from the observed data is via matched filtering, where one cross-correlates the data against template waveforms. Because this analysis is more sensitive to phase corrections than amplitude corrections, many previous works including [8, 15] mentioned earlier only consider modifications to the phase. In this paper, we also follow this approach and set α = 0.
One can categorize non-GR modifications to compact binary evolution into two different classes, conservative and dissipative. The former corresponds to modifications to the binding energy (sum of the kinetic energy and gravitational potential energy) of the binary system, which also modifies Kepler's law. On the other hand, dissipative corrections modify the amount of energy being lost from binary systems due to emission of GWs and additional radiation (such as scalar radiation) if present in non-GR theories.
When dissipative corrections dominate conservative ones, one can map PPE modifications in gravitational waveforms toṖ corrections by [34] aṡ
Using v = (2πM/P ) 
Using Eq. (8), one can map bounds on β from GW150914 and GW151226 in [8] to those on γ. We present such results in Fig. 4 . Observe that BH-PSRs and binary PSRs have more advantage on constraining theories with negative PN corrections compared to GW observations [34] . This is because the compact objects in the former binaries move much slower than the latter binaries that are about to coalesce.
B. Example Theories and Projected Bounds
We now study projected BH-PSR bounds on specific example non-GR theories based on Fig. 4 and Table I. Such BH-PSR bounds have already been estimated within the context of scalar-tensor theories [28, 30] , EdGB gravity [31] , a brane-world model [32] and quantum gravity [33] . In this section, we study four different theories; theories with time-varying gravitational constant G, Lorentz-violating massive gravity, cubic Galileon theories and generic screened modified gravity.
Varying G Theories
The gravitational constant's value can be time dependent in many modified theories of gravity [1] . This is the case when G depends on the scalar field that is coupled to the metric (like scalar-tensor theories in the Jordan frame). Such time variation in G can affect the orbital decay rate in two ways, conservative (Ṗ /P | C ) and dissipative (Ṗ /P | D ), as already mentioned earlier. In most literature, only the former is included (see e.g. [17, 67] ). Here we explicitly show why the latter is highly suppressed compared to the former.
Let us first look at dissipative corrections. Such corrections can be derived from G dependence onṖ /P | GR in Eq. (2), which isṖ /P | GR ∝ G 5/3 . We now promote G to include the time dependence. We do this by assuming the time variation is sufficiently small and Taylor expand G about the initial observation time t 0 and keep up to linear order in t: G(t) ≈ G 0 +Ġ(t − t 0 ). Then, one findṡ
Thus, the dissipative correction is given bẏ
Hereafter we will drop the subscript "0" on G 0 . Next, we look at conservative corrections, which are derived by taking the time derivative of the orbital period P , assuming that there is no gravitational radiation. The orbital period is given by [67] 
where l is the specific orbital angular momentum. Taking the time derivative, one findṡ
This equation can be reduced further to [67] 
where m p and m c are PSR mass and companion mass respectively and the sensitivity is defined as
which measures how the mass depends on G. In GR, s A = 0 [17] . In order to estimate the relative strength of the conservative and dissipative corrections, let us consider Damour-Esposito-Farèse scalar-tensor theories as an example. We choose m p = 1.4M and m c = 10M . In this theory, BHs have s c = 0.5, while s c for PSRs depend on the underlying equation of state, though typically one finds s c ∼ 0.15 for m p = 1.4M (see Fig. 20 of [17] ). Assuming further P = 0.1 day and t − t 0 = 5 years, the ratio of the two corrections becomeṡ
Thus dissipative corrections are highly suppressed relative to conservative corrections and can be ignored. The suppression is due to the fact that the radiation reaction timescale for BH-PSRs and binary PSRs is very large compared to the observational time. This is not the case for coalescing compact binaries and dissipative corrections are important for GW observations [68, 69] . Having these pieces of information in hand, we can now estimate future bounds on time variation in G from BH-PSR binaries. Using Eqs. (1) and (5), the non-GR parameters (γ, n) for varying G theories are given by the expression in Table I . Notice that γ is proportional toĠ and the correction enters at −4PN order. Using further Eq. (13), the upper bound onĠ from the uncertainty in the orbital decay rate measurement is given by Figure 2 presents projected upper bounds onĠ from BHPSRs with FAST and SKA. Here we assume scalar-tensor theories for calculating sensitivities of BHs and PSRs. For comparison, we also show current bounds from solar system experiments [1] . Observe that the projected bounds with FAST are slightly weaker than solar system experiments, while SKA may be able to go beyond current bounds. We do not show bounds from binary PSR and recent GW observations as they are much weaker than BH-PSR bounds [1, 8] .
Lorentz-violating Massive Gravity
Next, let us study Lorentz-violating massive gravity, which is an extension to GR where the graviton is assumed to have a non-vanishing mass m g (see e.g. [70] [71] [72] for reviews on massive gravity). Historically, Fierz and Pauli [73] constructed a Lorentz-invariant massive gravity about Minkowski background. A linearized version of such a theory does not reduce to that of GR in the limit m g → 0 (known as the van Dam-Veltman-Zakharov discontinuity), though GR can be correctly recovered once one takes non-linear effects into account (the Vainshtein mechanism) [74] .
The Lorentz-violating version of massive gravity that we consider here was studied by [37] within the context of binary PSRs. The action is modified from Fierz-Pauli massive gravity with two important properties. First, the m g → 0 limit of the linearized Lorentz-violating massive gravity recovers that of GR. Second, the field equations for metric perturbations h µν in Lorentz gauge to its linear order are described simply by
wherem g ≡ m g / and T µν is the matter stress energy tensor that is independent of the metric perturbation [37] . Corrections toṖ in Lorentz-violating massive gravity come from the dissipative sector, namely modifications to GW emission. One can compute the amount of GWs being emitted from compact binaries in this theory by solving Eq. (17) using a Green's function. One can then calculate gravitational luminosity L, whose fractional difference from the GR expression is related to that forṖ byṖ
One can then read off (γ, n) for Lorentz-violating massive gravity, as shown in Table I . Notice that γ is proportional to m ( Figure 5 presents the projected upper bounds on m g from BH-PSRs with FAST and SKA. For comparison, we also present bounds from solar system experiments [75] (which updates the previous bounds [76] by nearly two orders of magnitude), binary PSR observations [37] and recent GW events [12] . Observe that the projected BH-PSR bounds are stronger than the binary PSR one by more than an order of magnitude. As mentioned in Sec. I, this is because the relative velocity of two compact objects in a binary is smaller for BH-PSRs than for binary PSRs. On the other hand, such BH-PSR bounds are not as stringent as the solar system or GW bounds. Gravitational bounds are much stronger because they probe corrections to the modified dispersion relation of the graviton, which accumulates over distance during GW propagation. Bounds on the mass of the graviton in Lorentzviolating massive gravity calculated from Eq. (19) . We present projected bounds with BH-PSRs using FAST (red dotted) and SKA (black dashed) as a function of its orbital period. For comparison, we also present the strongest bound from binary PSR systems (magenta dotted-double-dashed) and GWs (brown dotted-dashed). Notice that the BH-PSR system can place a stronger bound than the binary PSR one but the former is still weaker than the GW ones. The strongest current bound comes from solar system measurements of the perihelion advance of Mars and Saturn (blue double-dotted-dashed) [75] .
Cubic Galileon Massive Gravity
We now study another type of massive gravity. Lorentz-violating massive gravity studied in the previous subsection captures a generic massive gravity modification in the wave equation or the dispersion relation of the graviton given by Eq. (17) . Another important aspect of massive gravity is the screening effect called the Vainshtein mechanism [74] , where the scalar degrees of freedom (that arise from additional graviton helicity states in massive gravity) become strongly-coupled within the Vainshtein radius, which suppresses deviations away from GR. Many of the features of this mechanism can be generically captured via the Galileon models [77] . Indeed, the generic Galileon arises from the ghost-free massive gravity [78] in a certain limit [79, 80] . Following [38] , we consider one of the simplest types of such models here, namely the cubic Galileon model. Such a model is still allowed from GW170817, while many of the other Galileon models have been ruled out [81, 82] . Galileon models are also motivated from explaining the current accelerating expansion of our universe. In this subsection, we use the units c = 1, G = 1 and = 1.
The Galileon radiation can be found by varying the action in the decoupling limit of infinite Planck mass [38] , in which one can neglect the self-interactions of the helicitytwo graviton. In this theory, there is not only quadrupolar Galileon radiation but also lower order contributions, namely monopolar and dipolar radiation. However, the former has the largest effect in terms of PN expansion [38] . Thus, in this paper we focus on corrections tȯ P due to the quadrupolar Galileon radiation. The correction to the GR GW luminosity due to such radiation is given by [38] L − L GR = 5λ
(Ω P a)
where Ω P is the orbital frequency, a is the semi-major axis, M PL is the Planck mass and M Q is defined as
λ is a numerical factor given by 
while r is the Vainshtein radius inside which nonlinear effects become important and is given by
F CG (e) is defined as
with I Q k given by
(1 + e cos x) (25) is slightly different from that in [38] . Our normalization is chosen such that FCG(0) = 1.
For the monopole and dipole radiation that we do not consider in our paper, an analytic solution to similar integrals as in Eq. (25) can be found [38] . For completeness, we correct typos in the dipole analytic expression in [38] in App. A. On the other hand, one needs to evaluate Eq. (25) numerically for the quadrupole radiation since the fractional power in the denominator prevents integration by the same method. Although the first 15 terms in k give the dominant contribution, we keep up to k = 30 to reduce the error from the infinite summation result.
Next, let us derive the upper bound on m g in terms of the fractional measurement accuracy of the orbital decay rate δ. First, using Eqs. (1), (18) and (20), one can derive (γ, n) for cubic Galileon theories that are given in Table I . Notice that γ is proportional to m g (unlike the m 2 g scaling for Lorentz-violating massive gravity) and the correction enters at −11/4(= −2.75)PN order (which is close to −3PN order in Lorentz-violating massive gravity). One can then use Eq. (5) to find (26) . Observe that BHPSRs yield stronger bounds than binary PSR systems (magenta dotted-dashed), but weaker bounds than solar system bounds (blue double-dotted-dashed). Figure 6 presents projected upper bounds on the mass of the graviton in cubic Galileon massive gravity from BH-PSRs with FAST and SKA. We also present current bounds from binary PSR observations [38] and solar system experiments [83] . Observe that the BH-PSR bounds are stronger (weaker) than binary PSR (solar system) ones, which is similar to Lorentz-violating massive gravity case in Fig. 5 . Observe also that the bounds in cubic Galileon massive gravity are stronger than those in Lorentz-violating massive gravity. This is because the upper bound on m g scales linearly with δ for the former (see Eq. (26)) since the Vainshtein suppression to the quadrupolar gravitational radiation is linearly proportional to m g , while such a bound scales with δ 1/2 for the latter (see Eq. (19)) since the correction to the graviton dispersion relation scales with m 2 g .
General Screened Modified Gravity
General screened modified gravity (SMG) is a scalar modification to GR with a fifth force and screening mechanism. The scalar field induces non-GR effects on cosmological scale that can explain current accelerating expansion of our universe without introducing dark energy. In general, scalar field also induces a fifth force that confronts solar system tests of gravity. One way to cure this problem is to introduce a screening mechanism that ensures one recovers GR within the solar system [2, 4, 5] . In this section, we follow [39, 84, 85] and consider a generic screening effect (including chameleon [86] [87] [88] , symmetron [89] [90] [91] and dilaton [92] [93] [94] mechanisms), where the scalar field acquires a mass in high density regimes and the mediation of additional degrees of freedom is suppressed 4 . Bounds on SMG have been derived from PSR-WD binaries [39, 84] . In fact, Ref. [39] reported that the observational data prefer SMG over GR, though the results are still consistent with GR. Here, we study the prospect of probing SMG with future BH-PSR observations.
The orbital decay rate is modified by the scalar field in BH-PSR binaries through scalar dipole radiation. A generic expression for the orbital decay rate can be found in Eq. (5) of [39] . Keeping only to leading correction in terms of PN expansion, one findṡ
with F SMG (e) defined as
and the screening parameter (similar to the scalar charge) of the Ath body is given by
Φ A = m A /R A is the compactness of the Ath body with R A denoting its radius, φ A is the value of the scalar field at the minimum of the scalar field potential inside the star, and φ VEV is the vacuum expectation value of the scalar field. In Eq. (29), φ VEV >> φ A . Thus, following [39, 84, 85] , we will neglect φ A for the remainder of the paper. The screening mechanism is apparent in Eq. (29) due to the inverse proportionality of the compactness. Therefore, objects with smaller compactness dominate the screening parameter and thus contribute the majority of the radiation in the scalar field. For BHs, screening parameters vanish [84] due to the no-hair theorem in scalar-tensor theories [41] [42] [43] . We now derive projected bounds on SMG with future BH-PSRs observations. First, one can easily read off γ and n in Eq. (1) from Eq. (29) for SMG, as shown in Table I. Notice that γ is proportional to ( p − c ) 2 and the correction enters at −1PN order. Such a structure is similar to that in scalar-tensor theories and EdGB gravity. One can next use Eq. (5) to find the following expression for the upper bound on φ VEV , 30). We also show the bound obtained from PSR-WD binaries (purple double-dotted-dash) in [39] .
Observe that using a PSR-WD has strong advantages over a BH-PSR since the WD compactness is approximately 10 4 times larger than that of a PSR and the screening effect is less efficient. Figure 7 presents projected upper bounds on φ VEV /M PL as a function of the orbital period of BH-PSRs using FAST and SKA. The fiducial value of the PSR radius has been chosen as R p = 12 km. For reference, we also show the bound from PSR-WD binaries in [39] . As expected, the latter is much stronger than the former, as non-GR effects in PSRs and BHs are highly suppressed due to either the screening effect or the no-hair theorem as opposed to WDs.
III. BOUNDS FROM BH QUADRUPOLE MOMENT MEASUREMENT
In this section, we will study an alternative way to probe gravity with BH-PSRs, namely via measurements of the BH quadrupole moment. The orbital decay rate used in the previous section has advantage on probing theories which generate negative PN corrections. This is the case for theories studied in Secs. II B. On the other hand, some theories give rise to modifications only at positive PN orders. If the BH quadrupole moment is different from that for a Kerr BH, measuring this quantity has more advantage on constraining such theories as we explain in more detail below.
A. Quadrupole Moment Measurement with BH-PSRs
Let us first briefly review how one can measure the BH quadrupole moment in BH-PSR binaries. A nonvanishing quadrupole moment Q of a BH produces a periodic perturbation of the PSR's orbit from one periastron passage to the next [49] . One of the most precise ways of measuring the quadrupole moment is through the Roemer time delay [27, 28] , which is an annual modulation in travel time for light due to the earth's orbit. Such a time delay is defined to be the time for light to travel from closest and furthest locations of earth relative to a PSR. The delay due to the variation of the PSR's orbital distance is minuscule compared to that of earth. Defining a dimensionless parameter = −3Q/a 2 (1 − e 2 ) 2 , the Roemer delay can be approximated as
where ∆
R is the contribution without the quadrupole moment at O( 0 ), while ∆
R is the first correction due to the non-vanishing quadrupole moment at O( ).
Let us next compare the Roemer time delay against orbital decay in terms of measuring the BH quadrupole moment. The former can directly measure the effect of quadrupole moment entering at 2PN order relative to the Newtonian Kepler motion in the orbital evolution. The quadrupole moment also affects the orbital decay rate at 2PN order relative to its leading effect. However, the leading radiation reaction effect (backreaction of GW emission onto the orbit) only enters from 2.5PN order in the orbital evolution, and thus, the effect of quadrupole moment to the orbital decay affects the orbital evolution at 4.5PN order and higher. This is why the Roemer time delay has more advantage on measuring the BH quadrupole moment compared to the orbital decay measurement.
Two possible types of BH-PSR binaries exist for probing gravity via the BH quadrupole moment measurements: stellar-mass BH-PSRs and supermassive BHPSRs, an example of the latter being a PSR orbiting Sgr A*. The fractional measurement accuracy δ Q of the BH quadrupole moment for these two cases has been simulated in [28] and [27] respectively, which we present in Fig. 8 . Below we will use this measurement accuracy of Q to derive projected bounds on quadratic-curvature corrected theories. . This assumes a 20 year observation period with SKA, the dimensionless BH spin of χ = 1 and the orbital eccentricity of e = 0.5. The time to coalesce has been fixed to 10 Myr, which corresponds to the orbital period of 0.16 days (mBH = 30M ) to 0.21 days (mBH = 80M ). We also plot the measurability of the quadrupole moment of Sgr A* by pulsar timing. Periapsis only contains measurements by measuring three periastron passages, while full orbit considers the entire orbit in the measurement.
B. Example Theories and Projected Bounds
We now study how well one can probe specific modified theories of gravity with the BH quadrupole moment measurement via BH-PSRs with SKA. We will study two example theories, both of which modify the EinsteinHilbert action by introducing a correction term, in which a (pseudo-)scalar field is coupled to curvature-squared in a non-minimal way. Such theories are motivated as lowenergy effective theories of string theory. EdGB gravity represents the parity-even sector of such quadratic gravity, while dCS gravity represents its odd-parity sector. The latter is of particular interest here since corrections toṖ enters first at 2PN order. Thus, Q measurements have more advantage on probing dCS thanṖ measurements. We will also study EdGB gravity to demonstrate that theories with negative PN corrections toṖ do not benefit from Q measurements over those forṖ .
Dynamical Chern-Simons Gravity
DCS is a parity violating theory of gravity in which a pseudoscalar field is coupled to the Pontryagin density given by * R µνρσ R µνρσ , where R µνρσ is the Riemann tensor while * R µνρσ is its dual [52, 53] . This theory not only arises from string theory but also from loop quantum gravity [95] [96] [97] [98] [99] , chiral anomaly in the Standard Model [100] and effective theories of inflation [101] . Since the field equations contain third derivatives, one needs to treat the theory as an effective field theory within the small coupling approximation to keep the theory wellposed [102] 5 . BHs in dCS gravity acquire deviations from GR only when they are spinning. Slowly-rotating solutions have been constructed to first order [59, 60] , second order [61] and fifth order [62] in spin. Pseudoscalar field configuration has been studied semi-analytically [104] and numerically [105] for arbitrary spin, and for extremal BHs [106] . Delsate et al. [107] recently constructed rapidly-rotating BH solutions numerically. In this paper, we adopt the BH quadrupole moment within the small coupling and slow rotation approximation, valid to first order in dimensionless coupling constant and to fourth order in spin [61, 62] 6 :
Here
is the dimensionless coupling constant with κ g = (16π) −1 , m BH being the BH mass and α dCS representing the dimensional coupling constant (in units of length squared). The dimensionless spin is defined by χ = J/m 2 BH , with J representing the magnitude of the spin angular momentum and Q GR,k = −M 3 χ 2 is the quadrupole moment of a Kerr BH [108] . Using the following relation in the uncertainty of the quadrupole moment,
we can solve for α
Let us first study projected upper bounds on dCS gravity with stellar-mass BH-PSRs. The top panel of (32) and (37) to O(χ 2 ) (open circles or squares) and by using the full expression valid to O(χ 4 ) (filled circles or squares). We consider two different spin inclination angles θs of 20
• (red circle) and 40
• (blue square). Other binary parameters are the same as those for the left panel in Fig. 8 . In particular, since the fiducial spin was assumed to be χ = 1, the slow-rotation approximation adopted in Eqs. (32) and (37) is not accurate, though the bounds are valid as an order of magnitude estimate. The allowed regions for the small coupling approximation are shaded. The BH-PSR bounds are much stronger than the current strongest bounds from solar system [63] and table-top [61] experiments ( √ αdCS = O(10 8 ) km) for dCS gravity, while they are much weaker than bounds from BH-LMXBs ( √ αEdGB = 1.9 km) [64] for EdGB gravity.
presents such bounds on √ α dCS from the BH quadrupole moment measurement with stellar-mass BH-PSR observations using SKA, as a function of the BH mass. This figure is obtained by using Eq. (34) with δ Q shown in the left panel of Fig. 8 . We use two different spin inclination angles and compare the cases where we truncate Eq. (32) at O(χ 2 ) and where we use its full expression valid to O(χ 4 ). Observe that the latter two cases differ by ∼ 10%. This is because the fiducial value for the BH spin in the left panel of Fig. 8 is χ = 1, and the slow-rotation approximation imposed in Eq. (32) is not strictly valid. Since the difference between open and filled circles/squares in Fig. 9 is relatively small, we conclude that the projected bounds are valid as an order of magnitude estimate.
Are projected bounds in Fig. 9 weak or strong? Comparing such projected bounds from BH-PSRs to current strongest bounds of O(10 8 )km obtained from solar system [63] and table-top [61] experiments, we see that the former are stronger than the latter by six to seven orders of magnitude in Fig. 9 . Note that because Eq. (35) depends on δ Q to the power of 1/4, the anlaysis here is insensitive to improvements in quadrupole moment measurability. Thus, it is a promising method for bounding dCS due to the relative independence of measurement precision. We also note that binary PSRs are not efficient in constraining dCS gravity because NS spins are too small to obtain any meaningful bounds on the theory [109] .
The correction to the BH quadrupole moment in Eq. (32) has been derived within the small coupling approximation ζ dCS 1, and thus we need to check whether the bounds from BH-PSRs in Fig. 9 are valid within such an approximation. The above condition for the small coupling approximation can be rewritten as
The shaded region in Fig. 9 represents the parameter space in which the small coupling approximation is valid.
Observe that the BH-PSR bounds are only meaningful for θ s ∼ 45
• and m BH 50M . Next, let us show bounds on dCS gravity from supermassive BH-PSRs. Table II presents such bounds on √ α dCS by measuring the quadrupole moment of Sgr A* using a PSR orbiting around it with SKA. We use the 95% confidence limit of the quadrupole moment measurability of Sgr A* by pulsar timing from [29] . The table presents the bounds on dCS gravity for two different cases: one that assumes using three periastron passages and the other that assumes using three entire orbits. The orbital period is taken to be 0.5 years. In this case, the fiducial spin parameter is taken as χ = 0.6, and thus the difference between O(χ 2 ) and O(χ 4 ) cases is almost indistinguishable. Observe that such bounds are stronger than the current bound by roughly two orders of magnitude. The assumed observational period for a Sgr A*-pulsar is 1.5 years, which is much more realistic compared to the 20-year observational period assumed earlier for stellar-mass BH-PSRs. Bounds from supermassive BH-PSRs in Tab. II are much weaker than those from stellar-mass BH-PSRs, because such bounds are proportional to the BH mass, as can be seen from Eq. (35) . The small coupling approximation applies for bounds below 2.22 × 10 6 km, so such an approximation works only for full orbit measurements.
Einstein-dilaton Gauss-Bonnet Gravity
Similar to dCS, EdGB gravity also introduces a curvature-squared term in the action. Such a term is the Gauss-Bonnet invariant which is non-minimally coupled to a scalar field, and thus the theory is parity even. dCS measurement by timing a pulsar in orbit of Sgr A*. The periapsis only column corresponds to using three perastron passage measurements, while the full orbit one corresponds to using three full orbit measurements. The small coupling approximation is valid only for the latter, as shown in bold face. In such a case, the bound on dCS gravity improves by roughly two orders of magnitude compared to the current strongest bounds.
String theory predicts that the coupling between scalar field and gravity is given in an exponential form but in this paper, we consider a linear coupling. This theory is referred to as decoupled dynamical Gauss-Bonnet gravity in [31] and corresponds to Taylor expanding the scalar field about some constant and keeping up to linear order in the scalar field 7 . BH solutions in linearly-coupled Gauss-Bonnet gravity have been constructed analytically for both static [55, 56] and slowly-rotating configurations [57, 58] . In this theory, BHs acquire monopole scalar charges [55, 56] that produce scalar dipole radiation in BH binaries [44] . Such radiation modifiesṖ at −1PN order. On the other hand, ordinary stars like neutron stars do not possess such scalar charges [31, 44] , and thus binary PSRs cannot place stringent bounds on the theory. One of the most stringent bounds in this theory has been obtained from the orbital decay rate measurement of a BH low-mass X-ray binaries as √ α EdGB < 1.9km [64] , where α EdGB is the dimensional coupling constant in the theory. Similar bounds have been derived in EdGB gravity from the existence of stellar-mass BHs [110, 111] and the maximum mass of neutron stars [112] , though the latter depends on the unknown equation of state for neutron stars. Stronger bounds can be obtained fromṖ measurements with BH-PSRs using FAST or SKA [31] . We now review the BH quadrupole moment in EdGB gravity that modifies the Roemer time delay from GR. The quadrupole moment valid to fourth order in spin within the small coupling approximation is given by [57, 58] Fig. 9 . Unlike the dCS case, BH-PSR bounds on EdGB gravity can easily satisfy the small coupling approximation. This is because the quadrupole moment correction is larger for EdGB gravity than in dCS gravity (compare the coefficients in front of ζ in Eqs. (32) and (37)).
IV. CONCLUSION AND DISCUSSION
In this paper, we studied how well one can probe gravity with orbital decay rate and BH quadrupole moment measurements using future BH-PSR observations. Regarding the former, we showed that bounds from generic non-GR modifications toṖ can be stronger than those from the double binary PSR by a few orders of magnitude, especially for corrections entering at negative PN orders. We mapped this result to various example modified theories of gravity and found that e.g. bounds onĠ can be much stronger than the current bound from solar system experiments. Regarding the latter, we showed that the Roemer time delay for certain stellar-mass BH-PSR configurations can be used to place bounds on dCS gravity that are six orders of magnitude stronger than the current most stringent bounds. PSRs orbiting around Sgr A* can also be used to place bounds on the same theory that are stronger than the current bounds by two orders of magnitude. Thus, the detection of a BH-PSR binary will allow new tests of gravity.
Future work includes extending BH-PSR bounds to Lorentz-violating theories, such as Einstein-aether [113, 114] and khronometric [115, 116] gravity. Scalar and vector degrees of freedom in those theories induce dipole radiation that depends on the sensitivities of compact objects. So far, such sensitivities for strongly-gravitating objects have been calculated for NSs [40, 46] . One can repeat the analysis in [40, 46] by constructing slowlymoving BH solutions with respect to the vector field in these theories to extract BH sensitivities within the parameter space allowed from theoretical and observational constraints including GW170817 [47, 48] . One can combine this with the orbital decay rate in these theories derived in [40] to estimate projected bounds on such theories from future BH-PSR observations.
Another avenue for future work includes improving the analysis for bounding dCS gravity from BH-PSR observations. In this paper, we used the stellar mass BH quadrupole moment obtained within the slow-rotation approximation [61, 62] for BH-PSR systems with the BH dimensionless spin of unity, and thus the bounds should only be understood as order of magnitude estimates. One could improve this analysis by deriving the BH quadrupole moment valid for arbitrary spin. Such a goal may be achieved by using BH solutions with arbitrary spin in dCS gravity recently constructed numerically [107] . It would also be interesting to derive bounds on the theory from the measurement of the advance rate of periastron for BH-PSRs. This is because Ref. [109] identified such an observable to be the most useful among all the post-Keplerian parameters when bounding dCS gravity from binary PSR observations.
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